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ON THE LUCAS AND LEHMER SEQUENCES IN
TRANSCENDENTAL DEDEKIND DOMAINS
MIN SHA
Abstract. A Dedekind domain is said to be transcendental if
it is not a field but it contains a field. In this paper, we establish
analogues of Zsigmondy’s theorem and the primitive divisor results
for the Lucas and Lehmer sequences in transcendental Dedekind
domains.
1. Introduction
1.1. Background and motivation. Given a sequence (an)n≥1 of the
rational integers Z, a prime divisor of a term an is called primitive if it
divides no earlier term. The history of studying primitive prime divisors
started in the 19th century with work of Bang [1] and Zsigmondy [12],
which is now called Zsigmondy’s theorem and says that every term
beyond the sixth in the sequence (an − bn)n≥1 has a primitive prime
divisor, where a, b are positive coprime integers. This theorem was
independently rediscovered by Birkhoff and Vandiver [2].
Carmichael [3] established an analogue of Zsigmondy’s theorem for
the Lucas sequence ((an− bn)/(a− b))n≥1, where a, b are real algebraic
integers such that a/b is not a root of unity, and a+b and ab are coprime
integers in Z. Ward [11] obtained such a result for the Lehmer sequence
(sn)n≥1 with sn = (a
n−bn)/(a−b) for odd n and sn = (a
n−bn)/(a2−b2)
for even n, where a, b are real, and (a+ b)2 and ab are coprime integers
in Z. All these results, including Zsigmondy’s theorem, were extended
to any number field (that is, a, b do not need to be real) by Schinzel [8]
(see [7] for an earlier work).
Recently, Flatters and Ward [6] found an analogue of Zsigmondy’s
theorem for a polynomial sequence (fn − gn)n≥1, where f, g are two
coprime polynomials in a polynomial ring K[X ] in one variable X over
a field K. This was recently extended to polynomial rings of several
variables over a field; see [9]. Moreover, the author in [9] obtained
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analogues of the primitive divisor results of the Lucas and Lehmer
sequences in polynomial rings of several variables.
In this paper, we want to obtain analogues of Zsigmondy’s theorem
and the primitive divisor results for the Lucas and Lehmer sequences
in transcendental Dedekind domains. This can be viewed as entension
of Schinzel’s result [8] from number fields to function fields.
The approach here is the same as in [9]. However, it indeed needs
some extra considerations in Dedekind domains.
1.2. Set-up. A Dedekind domain R is said to be transcendental if it
is not a field but it contains a field. This implies that the fraction field
of R is transcendental over the largest field contained in R.
Here we give a typical example of transcendental Dedekind domains.
Let K(X) be the fraction field of K[X ] defined the above. It is well-
known that the integral closure of K[X ] in any finite extention over
K(X) is a Dedekind domain. Clearly, it is transcendental. We refer to
[4] for more examples.
From now on, let R be a transcendental Dedekind domain. Let p be
the characteristic of R. Note that either p = 0 or p is a prime number.
For any ideal I and any element b of R, we say that I divides b
(or write I | b) if I divides the ideal 〈b〉 generaed by b in R, which is
equivalent to that b ∈ I. Besides, a prime divisor of b means a prime
ideal of R dividing the ideal 〈b〉.
Given a sequence (an)n≥1 of R, a prime ideal q of R is called a
primitive prime divisor of a term an if q | an but q does not divide
any earlier term in the sequence. Also, the sequence is called a strong
divisibility sequence if gcd(am, an) = ad with d = gcd(m,n) for any
positive integersm,n, where gcd(am, an) follows the standard definition
of the greatest common divisor in integral domains.
1.3. Main results. Let λ, η be non-zero algebraic elements over R
such that λ/η is not a root of unity. Assume that the principal ideals
〈(λ + η)2〉 and 〈λη〉 in R are coprime ideals which are not both equal
to R. Define the Lehmer sequence of R:
Un =


λn−ηn
λ−η
if n is odd,
λn−ηn
λ2−η2
if n is even.
The strong divisibility property and the primitive prime divisor of
the sequence (Un)n≥1 can be obtained in the same way as in [9].
Theorem 1.1. The sequence (Un)n≥1 is a strong divisibility sequence.
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Theorem 1.2. Suppose the characteristic p > 0 and let U ′ be the
sequence obtained from (Un)n≥1 by deleting the terms Un with p | n,
then each term of U ′ beyond the second has a primitive prime divisor.
If p = 0, then each term of (Un)n≥1 beyond the second has a primitive
prime divisor.
Applying the same arguments as in [9, Section 4] and using Theo-
rems 1.1 and 1.2, we can easily obtain the strong divisibility property
and the primitive prime divisor for the polynomial Lucas sequences.
Here we omit their proofs.
Let α, β be non-zero algebraic elements over R such that the quotient
α/β is not a root of unity. Assume that the principal ideals 〈α+β〉 and
〈αβ〉 in R are coprime ideals which are not both equal to R. Define
the Lucas sequence of R:
Ln =
αn − βn
α− β
, n = 1, 2, . . . .
Theorem 1.3. The sequence (Ln)n≥1 is a strong divisibility sequence.
Theorem 1.4. Suppose the characteristic p > 0 and let L′ be the
sequence obtained from (Ln)n≥1 by deleting the terms Ln with p | n,
then each term of L′ beyond the second has a primitive prime divisor.
If p = 0, then each term of (Ln)n≥1 beyond the second has a primitive
prime divisor.
As in [9, Section 5] and as an application of Theorem 1.4, it is easy
to obtain an analogue of Zsigmondy’s theorem in R. Here we also omit
its proof.
Let f, g be non-zero elements in R such that the quotient f/g is not
a root of unity. Assume that the principal ideals 〈f〉 and 〈g〉 in R are
coprime ideals which are not both equal to R. Define the sequence of
R:
Fn = f
n − gn, n = 1, 2, . . . .
Theorem 1.5. The sequence (Fn)n≥1 is a strong divisibility sequence.
Theorem 1.6. Suppose the characteristic p > 0 and let F ′ be the
sequence obtained from (Fn)n≥1 by deleting the terms Fn with p | n,
then each term of F ′ beyond the second has a primitive prime divisor.
If p = 0, then each term of (Fn)n≥1 beyond the second has a primitive
prime divisor.
2. Preliminaries
To prove Theorems 1.1 and 1.2, we need to make some preparations.
Recall that R is a transcendental Dedekind domain.
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We first recall some basic properties of the resultant of two homoge-
neous polynomials in the following lemma; see [10, Proposition 2.3].
Lemma 2.1. For two non-constant homogeneous polynomials defined
over a field
A(X, Y ) = a0X
m + a1X
m−1Y + . . .+ amY
m = a0
m∏
i=1
(X − αiY )
and
B(X, Y ) = b0X
n + b1X
n−1Y + . . .+ bnY
n = b0
n∏
j=1
(X − βjY )
having resultant Res(A,B), there exist polynomials G1, H1, G2, H2 ∈
Z[a0, . . . , am, b0, . . . , bn][X, Y ] homogeneous in X and Y such that
G1A +H1B = Res(A,B)X
m+n−1,
G2A +H2B = Res(A,B)Y
m+n−1.
For any integer n ≥ 1, the n-th homogeneous cyclotomic polynomial
is defined by
Φn(X, Y ) =
n∏
k=1, gcd(k,n)=1
(X − ζknY ) ∈ Z[X, Y ],
where ζn is a primitive n-th root of unity, and we also define the poly-
nomial
Pn(X, Y ) =
Xn − Y n
X − Y
=
n−1∑
k=0
Xn−1−kY k =
n−1∏
k=1
(X − ζknY ).
Clearly,
Xn − Y n =
∏
d|n
Φd(X, Y ), Pn(X, Y ) =
∏
d|n, d≥2
Φd(X, Y ).
The following lemma is [6, Lemma 2.4] about the resultant of Pm(X, Y )
and Pn(X, Y ).
Lemma 2.2. For any positive coprime integers m and n, we have
Res(Pm, Pn) = ±1.
The proof of the next lemma is the same as the proof of [9, Lemma
2.3].
Lemma 2.3. Let a, b be two algebraic elements over R. Assume that
the two principal ideals 〈(a + b)2〉 and 〈ab〉 of R are coprime. Let
A(X, Y ), B(X, Y ) ∈ Z[X, Y ] be non-constant homogeneous polynomials
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with resultant Res(A,B) = ±1. Assume that both A(a, b) and B(a, b)
are in R. Then, A(a, b) and B(a, b) are coprime in R.
Proof. Let m = degA and n = degB. Note that both (a+ b)2 and ab
are in R. So, we obtain that for any integer k ≥ 1, a2k + b2k is also in
R. By Lemma 2.1 and noticing Res(A,B) = ±1, we have that there
exist u1, w1, u2, w2 ∈ Z[a, b] such that
u1A(a, b) + w1B(a, b) = a
2(m+n−1) + b2(m+n−1) ∈ R
and
u2A(a, b) + w2B(a, b) = a
2(m+n−1)b2(m+n−1) ∈ R.
By contradiction, suppose that there is a non-unit pi ∈ R dividing
both A(a, b) and B(a, b) in R. Then, both quotients
u1A(a, b) + w1B(a, b)
pi
,
u2A(a, b) + w2B(a, b)
pi
are in the fraction field of R and integral over R (because both a, b
are integral over R). Since R is an integrally closed domain, these two
quotients are both in R. So, we have pi | a2(m+n−1) + b2(m+n−1) and
pi | a2(m+n−1)b2(m+n−1) in R. Then, there is a prime ideal, say q, of R
such that q | a2(m+n−1) + b2(m+n−1) and q | a2(m+n−1)b2(m+n−1) in R.
Thus, q | ab in R.
Let k = m + n − 1. We have shown that q | a2k + b2k and q | ab in
R. Note that
(a2 + b2)k = a2k + b2k +
k−1∑
i=1
(
k
i
)
(a2)i(b2)k−i
= a2k + b2k + a2b2
k−1∑
i=1
(
k
i
)
(a2)i−1(b2)k−1−i,
where
∑k−1
i=1
(
k
i
)
(a2)i−1(b2)k−1−i is in R (because it is symmetric in a2
and b2). Hence, we obtain q | (a2 + b2)k, then q | a2 + b2, and thus
q | (a + b)2 in R (because q | ab). This leads to a contradiction with
the assumption that the principal ideals 〈(a + b)2〉 and 〈ab〉 of R are
coprime. Therefore, A(a, b) and B(a, b) are coprime in R. 
Using Lemma 2.3 and applying the same arguments as in [9, Lemmas
2.4–2.7], we can obtain four results about coprime elements in R. Here,
we omit their proofs.
Lemma 2.4. Let a, b be two algebraic elements over R. Assume that
the two principal ideals 〈a + b〉 and 〈ab〉 of R are coprime. Then, for
any positive coprime integers m,n, Pm(a, b) and Pn(a, b) are coprime
in R.
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Lemma 2.5. Let a, b be defined as in Lemma 2.3. Let m,n be two pos-
itive coprime integers such that both m and n are odd. Then, Pm(a, b)
and Pn(a, b) are coprime in R.
Lemma 2.6. Let a, b be defined as in Lemma 2.3. Let m,n be two
positive coprime integers such that m is odd and n is even. Then,
Pm(a, b) and Pn(a, b)/(a + b) are coprime in R.
Lemma 2.7. Let a, b be defined as in Lemma 2.3. Let m,n be two
positive integers such that both m and n are odd. Then, Pm(a
n, bn) and
(an + bn)/(a+ b) are coprime in R.
Different from [9, Lemma 2.8], here we need a result on coprime
ideals (instead of coprime elements).
Lemma 2.8. Let a, b be defined as in Lemma 2.3. Then, for any odd
integer n ≥ 1, the principal ideals 〈(an − bn)/(a− b)〉 and 〈(a+ b)2〉 of
R are coprime.
Proof. Without loss of generality, we fix an odd integer n ≥ 3. As
before, both (an − bn)/(a− b) and (a + b)2 are indeed in R.
We need to show some results on polynomials in variables X and Y
over Z. First, we claim that for any integer k ≥ 1, we have
(2.1) X2k + Y 2k ≡ (−1)k2XkY k (mod (X + Y )2).
Indeed, it is trivial when k = 1, and then it is easy to prove the general
case by induction because for k ≥ 2,
X2k + Y 2k = (X2 + Y 2)(X2(k−1) + Y 2(k−1))−X2Y 2(X2(k−2) + Y 2(k−2)).
Now, we claim that for any integer k ≥ 1, we have
(2.2)
X2k+1 − Y 2k+1
X − Y
≡ (−1)kXkY k (mod (X + Y )2).
Indeed, it is trivial when k = 1, and then it is easy to prove the general
case by induction and using (2.1), because for k ≥ 2,
X2k+1 − Y 2k+1
X − Y
= X2k + Y 2k +XY ·
X2(k−1)+1 − Y 2(k−1)+1
X − Y
.
Now, by (2.2), for odd n ≥ 3 we have
(2.3)
Xn − Y n
X − Y
= (X + Y )2Cn(X, Y ) + (−1)
n−1
2 (XY )
n−1
2
for some polynomial Cn(X, Y ) ∈ Z[X, Y ]. Note that the polynomial
(Xn − Y n)/(X − Y ) is homogeneous of even degree n− 1 and is sym-
metric in X and Y . So, the polynomial Cn is homogeneous of even
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degree n − 3 and is symmetric in X and Y . Then, as before we have
that Cn(a, b) is in R.
By contradiction, suppose that the principal ideals 〈(an−bn)/(a−b)〉
and 〈(a + b)2〉 of R are not coprime. Then, there is a prime ideal, say
q, of R such that (an − bn)/(a − b) ∈ q and (a + b)2 ∈ q. Using (2.3)
and letting X = a and Y = b, we obtain ab ∈ q. This leads to a
contradiction with the assumption that the principal ideals 〈(a + b)2〉
and 〈ab〉 in R are coprime. Hence, we obtain the desired result. 
3. Proofs of Theorems 1.1 and 1.2
We need to make one more preparation.
Recall that p is the characteristic of R. As usual, denote by vq(h)
the maximal power to which a prime ideal q divides h ∈ R.
LetM be the fraction field ofR. By assumption,M(λ) is an algebraic
extension over M containing η. For any prime ideal q ∈ R, as usual vq
induces a valuation of M . This valuation can be extended to the field
M(λ) (still denoted by vq); see, for instance, [5, Theorem 3.1.2].
Lemma 3.1. Let q be a prime ideal of R dividing Un for some n ≥ 3.
Then, for any m ≥ 1 with p ∤ m (including the case p = 0), we have
vq(Umn) = vq(Un).
Proof. First, note that λ, η are both integral over the ring R. So, we
have vq(λ) ≥ 0 and vq(η) ≥ 0.
Assume that vq(η) > 0. Note that by definition, either λ
n = ηn +
(λ− η)Un, or λ
n = ηn + (λ2 − η2)Un. So, we obtain vq(λ
n) > 0, which
gives vq(λ) > 0. Thus,
vq(λ+ η) > 0, vq(λη) > 0.
This contradicts the assumption that the principal ideals 〈(λ+η)2〉 and
〈λη〉 in R are coprime. So, we must have vq(η) = 0.
Now, suppose that n is odd. Then, Un = (λ
n − ηn)/(λ− η), and so
λn = ηn + (λ− η)Un.
Then, we have
λmn =
(
ηn + (λ− η)Un
)m
= ηmn +
m∑
i=1
(
m
i
)
(λ− η)iU inη
n(m−i),
which implies
λmn − ηmn
λ− η
= mηn(m−1)Un +
m∑
i=2
(
m
i
)
(λ− η)i−1ηn(m−i)U in.
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Hence, we have that for odd m
Umn = mη
n(m−1)Un +
m∑
i=2
(
m
i
)
(λ− η)i−1ηn(m−i)U in,
and for even m
(λ+ η)Umn = mη
n(m−1)Un +
m∑
i=2
(
m
i
)
(λ− η)i−1ηn(m−i)U in.
Besides, since n is odd and vq(Un) > 0, using Lemma 2.8 we obtain
vq(λ+ η) = 0. Then, the desired result follows.
Finally, assume that n is even. Then, as the above, for any integer
m ≥ 1 we have
Umn = mη
n(m−1)Un +
m∑
i=2
(
m
i
)
(λ2 − η2)i−1ηn(m−i)U in.
The desired result now follows. 
Now, we are ready to prove the theorems.
Proof of Theorem 1.1. Let d = gcd(m,n).
First, assume that both m and n are even. Then, d is also even.
Clearly,
Um = UdPm/d(λ
d, ηd), Un = UdPn/d(λ
d, ηd).
By assumption, the principal ideals 〈λd + ηd〉 and 〈λdηd〉 of R are
coprime (as in the last paragraph of the proof of Lemma 2.3). Hence, it
follows from Lemma 2.4 that Pm/d(λ
d, ηd) and Pn/d(λ
d, ηd) are coprime
in R, and thus gcd(Um, Un) = Ud.
Now, assume that both m and n are odd. Then, d is also odd.
Clearly,
Um = UdPm/d(λ
d, ηd), Un = UdPn/d(λ
d, ηd).
Note that the principal ideals 〈(λd+ηd)2〉 and 〈λdηd〉 of R are coprime.
So, it follows from Lemma 2.5 that Pm/d(λ
d, ηd) and Pn/d(λ
d, ηd) are
coprime in R, and thus gcd(Um, Un) = Ud.
Finally, without loss of generality, we assume that m is odd and n is
even. Then, d is odd. Clearly,
Um = UdPm/d(λ
d, ηd),
Un = Ud ·
Pn/d(λ
d, ηd)
λd + ηd
·
λd + ηd
λ+ η
.
Using Lemma 2.6 we have that Pm/d(λ
d, ηd) and Pn/d(λ
d, ηd)/(λd +
ηd) are coprime in R. In addition, by Lemma 2.7 we obtain that
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Pm/d(λ
d, ηd) and (λd+ηd)/(λ+η) are coprime inR. Hence, gcd(Um, Un) =
Ud. This completes the proof. 
Proof of Theorem 1.2. As in [11], we define the sequence (Qn)n≥1 of
polynomials by Q1 = 1, Q2 = 1, and
Qn(X, Y ) = Φn(X, Y ), n = 3, 4, . . . .
Clearly, for any integer n ≥ 1 we have
Un =
∏
d|n
Qd(λ, η).
By the Mo¨bius inversion we obtain
Qn(λ, η) =
∏
d|n
U
µ(n/d)
d .
Now, suppose that the characteristic p > 0. Let q be a prime divisor of
Un which is not primitive, where p ∤ n. Let m be the minimal positive
integer such that q | Um. Clearly, p ∤ m. Then, using Theorem 1.1 we
obtain m | n, and also by Lemma 3.1, for any k with p ∤ k
vq(Umk) = vq(Um).
Hence, if m < n, noticing p ∤ n we obtain
vq(Qn(λ, η)) =
∑
d|n/m
µ(n/(dm))vq(Udm)
=
∑
d|n/m
µ(n/(dm))vq(Um)
= vq(Um)
∑
d|n/m
µ(n/(dm)) = 0.
So, any non-primitive prime divisor of Un (in the sequence U
′) does not
divide Qn(λ, η). By assumption, the principal ideals 〈(λ+η)
2〉 and 〈λη〉
are not both equal to R. So, at least one of λ and η is transcendental
over the largest field contained in R. Then, Qn(λ, η) = Φn(λ, η) is non-
unit when n ≥ 3, and so Qn(λ, η) has a prime divisor in R. Thus, when
n ≥ 3, any prime divisor of Qn(λ, η) is primitive, and so each term in
the sequence U ′ beyond the second has a primitive prime divisor.
The proof for the case p = 0 follows exactly the same way. 
Remark 3.2. In the proof of Theorem 1.2, we obtain more: the prim-
itive part (that is, the product of all the primitive prime divisors to
their respective powers) of Un is the ideal 〈Φn(λ, η)〉, where n ≥ 3, and
p ∤ n if p > 0.
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Remark 3.3. As in [9, Remark 4.1], the primitive part of Ln is the
ideal 〈Φn(α, β)〉, where n ≥ 3, and p ∤ n if p > 0.
Remark 3.4. As in [9, Remark 5.1], the primitive part of Fn is the
ideal 〈Φn(f, g)〉, where n ≥ 3, and p ∤ n if p > 0.
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